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Abstract 



We initiate a systematic study of the solutions of three-dimensional matter- 
coupled half-maximal [N = 8) supergravities which admit a Killing spinor. 
To this end we analyze in detail the invariant tensors built from spinor 
bilinears, a technique originally developed and applied in higher dimen- 
sions. This reveals an intriguing interplay with the scalar target space 
geometry S0{8,n)/ {S0{8) x SO{n)). Another interesting feature of the 
three-dimensional case is the implementation of the duality between vector 
and scalar fields in this framework. For the ungauged theory with timelike 
Killing vector, we explicitly determine the scalar current and show that its 
integrability relation reduces to a covariant holomorphicity equation, for 
which we present a number of explicit solutions. For the case of a null 
Killing vector, we give the most general solution which is of pp-wave type. 
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1 Introduction 

Classical solutions of supersymmetric gauge theories and supergravities that preserve 
some fraction of supersymmetry play a distinguished role in these theories as they 
typically exhibit particular stability and non-renormalization properties, due to the 
rigidness of the underlying supersymmetry algebra and its representations. Moreover, 
in the search of new solutions to supersymmetric theories it is often technically simpler 
to solve the first order Killing spinor equations rather than to address the full second 
order field equations. The systematic study of these questions in supergravity theories 
goes back to the seminal work of Tod [H [2] (see P| for earlier work), and has further 
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and systematically been developed in [H |5] and a large body of follow-up work for 
higher- dimensional supergravity theories. 

In this approach, one assumes the existence of a Killing spinor and considers all 
bilinear tensors that can be constructed from it. The Killing spinor equations together 
with standard Fierz identities translate into a set of algebraic and differential iden- 
tities among these bilinear tensors which can be employed to constrain the structure 
of the geometry and the matter dynamics. In many cases this allows for a complete 
classification of the supersymmetric solutions of the theory. So far, this bilinear tensor 
analysis has mainly been employed and proven very useful to construct and classify 
supersymmetric solutions in theories with eight real supercharges, such as iV = 2 su- 
pergravity in four dimensions, see e.g. [6l [71 El El [101 HI] . In the context of half- maximal 
supergravities (i.e. sixteen real supercharges), the analysis becomes more involved due 
to the richer structure of the extended i?-symmetry groups. Previous work on such 
theories includes 

(i) the pure ungauged D = 4, N = 4 supergravity [12j, 

(ii) the pure ungauged D = 5, = 4 supergravity [13j, 

(iii) the pure ungauged and the SU{2) gauged D = 7, N = 1 supergravity [HI [15], 

but has throughout been restricted to theories without additional vector multiplets, 
leading in particular to scalar target spaces of very small dimensions (< 2). 

In this paper, we apply the bilinear tensor techniques to the matter-coupled half- 
maximal N = 8 supergravity in three dimensions [161 [17]. The three-dimensional case 
exhibits a number of interesting properties: in particular, the metric in three dimensions 
does not carry propagating degrees of freedom, and vector gauge fields can be dualized 
into scalar fields. As a result, the entire dynamics of these theories takes place in the 
scalar sector, whose target space is a coset space manifold S0{S,n)/{S0{8) x SO{n)) 
of dimension 8n. The bilinear tensor analysis which we present in this paper leads to 
an interesting interplay of the Killing spinor equations and this target space geometry. 
The structures we exhibit in this paper represent a first example of the structures that 
will also appear in higher dimensions upon inclusion of vector multiplets with coset 
space geometry. The advantage of the three-dimensional setting is the fact that all 
matter dynamics is uniformly described in the scalar sector. 

Upon passing to the gauged N = 8 supergravity, vector fields have to be introduced 
in three dimensions, however these do not represent additional propagating degrees of 
freedom, but enter with a Chern-Simons coupling and are related to the scalar fields 
by (a non-abelian version of) their standard first order duality equations. As such, 
the structure of the theory (and its Killing spinor equations) is still organized by 
the full group 50(8, n) even though the exphcit choice of a gauge group breaks this 
global symmetry of the theory. We will analyze the structure of the Killing spinor 
equations and their consequences for the matter fields in a fully S0{8,n) covariant 
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manner without specifying the three-dimensional gauge group. Of course, when further 
exploiting these structures to construct explicit solutions, this choice will have to be 
made. 

Some three-dimensional supersymmetric solutions of the half-maximal ungauged 
theory with higher- dimensional origin in heterotic string theory (compactified on a 
seven torus) have been constructed in [181 IIHl 120], see also [2n [22] for earlier work. 
Some supersymmetric solutions of the gauged N = 8 theory have been identified in [23l 
1211 [25], among them are analytic domain wall solutions which can be interpreted as 
holographic RG flows in particular scenarios of AdS3/CFT2 dualities. In all these 
different contexts it would clearly be interesting and highly desirable to dispose of 
a more systematic approach to construct and classify the possible supersymmetric 
solutions. 

In this paper, we take a first step in this direction and apply the bilinear tensor 
techniques to the matter-coupled D = 3, N = 8 supergravity, which is reviewed in 
section 2. We construct in section 3 the bilinear tensors from the Killing spinor and 
translate the full content of the Killing spinor equations into a set of algebraic and dif- 
ferential identities among these tensors. As usual, these tensors provide a timelike or 
null Killing vector that generates a symmetry of the full solution (i.e. including the mat- 
ter sector). In the timelike case, the 5*0(8) i?-symmetry breaks down to 5*0(2) x 5*0(6) 
and we show in section 4 that the Killing vector can be extended to a canonical tetrad 
in which we expand the fields and obtain the general solution for the scalar current. 
The 8n scalar fields naturally split into the 4n + An eigenvectors of an antisymmetric 
matrix Q related to the 5*0(2) part of the composite connection on the coset space 
manifold. With the general solution for the scalar current we analyze the first or- 
der duality equation between vector and scalar fields and show that it reduces to a 
two-dimensional equation for the field-strength of the undetermined part of the vector 
fields. In particular, for the ungauged theory we obtain an explicit expression of the 
vector fields in terms of the scalar fields of the theory. 

In section 4.4, we give a general analysis to determine to which extent the equations 
of motion are satisfied as a consequence of the existence of a Killing spinor. In order 
to construct explicit solutions, the Killing spinor equations have to be amended by the 
integrability relations for the scalar current and we do this in section 5 for the ungauged 
theory, leaving the full analysis of the gauged theory for future work. In this case, the 
three-dimensional metric takes diagonal form with the conformal factor satisfying a 
Liouville-type equation. The integrability relations for the scalar current reduce to a 
covariant holomorphicity equation (with the composite connection of the scalar target 
space) for its unknown component. As an illustration, we employ a simple ansatz 
to derive in section 5 explicit solutions with 1 < n < 4 (active) matter multiplets. 
Finally, in section 6 we analyze the case of a null Killing vector in the ungauged theory 
for which we derive the most general solution for metric and scalar fields which is a 
pp-wave. Appendix A collects our 5*0(8,72) conventions and some useful formulae. 
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2 Half- maximal supergravities in three dimensions 



In this section we review the structure of half-maximal (i.e. = 8) supergravity 
theories in three dimensions. In three dimensions, pure (super-)gravity does not possess 
propagating degrees of freedom. Moreover, vector fields can be dualized into scalar 
fields, such that all propagating degrees of freedom may be accommodated in the scalar 
sector of the theory. The ungauged theory is described by an 50(8, n) / (50(8) x S'O(n)) 
coset space sigma- model coupled to gravity [16]. The general gauged theory in which 
gauge fields are added with a Chern-Simons coupling has been constructed in [T7j, to 
which we refer for details and conventions. 

2.1 Bosonic field content and Lagrangian 

The Lagrangian of the general gauged = 8 supergravity in three dimensions is given 

by [m 

C = -iei? + £cs + ieP^^^P/'' + £pot + /:F. (2.1) 

Let us explain each term separately. We use signature (H ), and denote the dreibein 

determinant by e = ^ydet~g^, such that the first term is the standard Einstein-Hilbert 
term of three-dimensional gravity. 

The vector fields in three-dimensional supergravity do not represent propagating 
degrees of freedom, but couple in the gauged theory with a Chern-Simons kinetic term 
Cos given in (12. 5p below, such that they are related by their first order equations 
of motion to the scalar fields. The gauge group Go is a subgroup of S0{8,n), the 
isometry group of the scalar sector. Its generators "^MAf can be represented as linear 
combinations of the 50(8, n) generators X-^-^ = — X-^-^ by means of the embedding 
tensor Ommkc as 

SxAT = Ommk.cX'^'^ (2.2) 

where indices M,Af,... label the vector representation of 50(8, n). They can be 
raised and lowered with the 50(8, n) invariant indefinite metric rjMAf- Moreover, we 
split these indices into {A^} — )■ {I,r} according to the signature of rjMAf, i-e. / = 
1,...,8, r = l,...,n, with / labeling the vector representation 8^, of 50(8). The 
specific form of the gauge group Gq, its dimension and its embedding into 50(8, n) are 
entirely encoded in the constant tensor Ommkj:- Supersymmetry requires QmMk.c to be 
completely antisymmetric in its four indiceso In addition, gauge covariance requires 
QmNkc to satisfy the bilinear relation 

'^^'^ K.Z{M^ HXRSQ = d^TZMAf^^KCSQ — (^'^ KCTl^^ MMSQ ■ (2.3) 

^In fact, the condition which supersymmetry imposes is slightly weaker, it also allows for contri- 
butions of the type GmMkc = nM\Kic\M - ^M[k^c]m with a symmetric ^maT = ^.N^M, ci. [26], but we 
shall not consider these cases here. 
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A standard example of gauged A/" = 8 supergravity corresponds to the choice 

ejjKL for /,J,ir,LG {1,2,3,4} 
OijKL = { aeijKL for /, J, /T, L G {5, 6, 7, 8} , (2.4) 
otherwise 

which solves (12. 3 p and describes the gauging of an 5*0(4) x 5*0(4) C 5*0(8) subgroup 
of 5*0(8, n), the parameter a corresponding to the ratio of coupling constants of the 
two 5*0(4) factors. This theory describes the coupling of the spin 1/2 multiplet in the 
reduction of six-dimensional supergravity on AdS:^ x 5*^ (for a = 0), or AdS:^ x x S^. 
More complicated gaugings have been given in [271 iSH] which describe the couplings of 
higher massive multiplets in this compactification. In the following we shall not specify 
the explicit gauge group, but derive the constraints on the structure of supersymmetric 
solutions for general choice of Ommkc- 

Explicitly, the Chern-Simons term £cs is given bjl^ 

Ccs= -\e e^^^ gO^cMM {duA, ^-^+1^7 r^^^ e^svQ Aj^^A,^^) , (2.5) 

where the parameter g denotes the gauge coupling constant. 

The scalar sector in the Lagrangian (12.11) is described by a gauged coset space 
sigma-model 5*0(8,n)/(5*0(8) x 5*0(n)). It can be parametrized by a group-valued 
5*0(8, n) matrix S (i.e. a matrix satisfying SrjS^ = rf) which defines the left-invariant 
scalar currents as 

= S-'V^S = S-'(^d^ + ge^cMxA^'^''X^^^S G LieS0(8,n), (2.6) 

with the covariant derivatives carrying the gauge group generators E/cc of (12. 2p . We 
split these currents according to 

Qi' = W , q;- ^ {j,r , V'; ^ , (2.7) 

corresponding to the compact generators X^"', X"^^ and noncompact generators Y^'' of 
the algebra so(8,n) = Lie 5*0(8, n), see appendix Rl for our algebra conventions. We 
may explicitly separate the gauge field contributions to the currents as 

Q'^ = Qi' + 2gA,'^^V^^ueKCMAf, 

K = Pl' + gA^^V^^jreKCMN. (2.8) 

where we use the short-hand notation V-^^vq = ^S^-'^-pS-^Q, and Qj/ = Qj/\g=o, 
pir ^ 'Pj^\g=Q are defined by (12. 6 p at (7 = 0, i.e. represent the currents of the ungauged 
sigma-model, cf. appendix A. The scalar kinetic term in (12. ip is defined in terms of 



L-WliipUliCliLO r 

transformations 



the noncompact components of the scalar current and thus invariant under local 



S SH{x) , (2.9) 



^ Here and in the following, we denote by e^i/p the totally antisymmetric spacetime tensor, i.e. in 
particular it carries the determinant e of the vielbein: £123 — e, etc. 
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with H{x) G 5*0(8) x SO{n), taking care of the coset redundancy. The integrabihty 
equations 2d[^J',y] + [J'^, J'u] = [Dfj_, 'D^]S induced by the definition of (12.61) , translate 
into 

^.-Pl] = + Q"^.t + Qf;^? = |^?^^£A.A^^M.^^v^^., (2.10) 

Qii = 2d[,Qi{ + 2Ql^Q^^' = -2V;;V;!{ + ge^cMxT,,^''V^^u, (2.11) 

Q^t = 29[^Q:;f + 2Q[;Qt] = -2v(;vl^ + ge^cMMJ',.'^''v^^rs, (2.12) 

with the nonabehan field strength Tp.J^'^ . 

Finally, the gauged theory carries a scalar potential whose form is fully determined 
by supersymmetry as 

/:pot = -eg^V . with V ^ \A^^^A^^^ -lA^'^A^^ , (2.13) 

in terms of the scalar S'0(8) tensors Ai, A2, defined by contracting the embedding 
tensor of (12. 2p with the scalar fields as 

AiAB — ~48-Lab IJ KL^KCMX , 

^2AAr = — 1^ r^"^ V'^^/j V''^''^_ft'r^K:£A4A^ • (2-14) 

Here A = 1, ... ,8, and A = 1, ... ,8, label the two 50(8) spinor representations 8^, 8c, 
and r^^,r5{^, etc. denote the corresponding F-matrices. The tensors f l2.14p describe 
the Yukawa couplings in the fermionic sector that we describe explicitly in the next 
subsection. 

Up to fermionic contributions, the bosonic equations of motion derived from the 
Lagrangian ( 12. ip are given by 

R,u-lRg,u = V';'V'j-lg,,V'/VP'' + 2g^Vg^,, (2.15) 

^'Vl^ = \g'T^^^{At^''''Af^-3Af^A^^'^) , (2.16) 

for the metric and the scalar fields, with the scalar tensor A^''^^ defined in (I2.19p 
below. Varying the vector fields in the Lagrangian (12. ip gives rise to the first order 
duality equation 

SiCCMAf J^fj.u^''^ = £fj.up(^KCMAf^''^'^ Ir'P^^^ , (2-17) 

which manifests the fact that the vector fields do not carry propagating degrees of 
freedom. Note further, that even though formally we have introduced dimS'0(8,n) 
vector fields A^j,^-'^, only their projections 9]ccMM ^fi^''^ appear in the equations. For 
example, with (12. 4p only 12 vector fields appear in the action (or 6 if a = 0). 
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2.2 Fermions and Killing spinor equations 

The fermionic couplings of the Lagrangian (12. ip are given by 

+ ^Af^lp^^'^^^ + igA^^^x^^r^t + '^gAi^^-'x^^x^' ■ (2.18) 

Here x"^^ ^ind are two- component Majorana spinors, transforming in the 8c and 
8s of 50 (8), respectively. Covariant derivatives on these spinors include the spin 
connection, the 50(8) connection Q^j^^ = \Q^ijT^^^ and Q^ab = jQimu'^ab^ 
respectively, and the SO{n) connection obtained from ( \2.1\\ . We use 7'^^'' = —ie'^^p 
for the three-dimensional 7-matrices. The Yukawa-type couplings are given by the 
scalars tensors Ai, A2 from (12.141) and 

^ArBs ^ 2. 5- ry/^ V^^JJ V^^KL e^CMM + \ ^"""^J V""-^- (^'CCMM ,(2.19) 

which also appears in the bosonic equations of motion f l2.16p . Combining their defini- 
tion with flA.8P shows that these tensors are related by the differential relations 

^/^^l - 2 AA^2 + i ba'^2 J ' fi ^ 

'T-) A AAr Ip^ 'Tjlr , IpJ ^Ar Bs n~)Is , 1 pj p/J ABr Cs ^Is fry r)f,\ 

U^A^ - 2^ BA^l ' M + 2^ AB^S ' M + 16^ AA^ 5(7^3 ' ^ ' {l.l^} 

which play an important role in proving supersymmetry of the action (12. ip . The 
quadratic constraints ( 12. 3p translate into various bilinear identities among the scalar 
tensors, such as the supersymmetric Ward identity 

AfA^'^-lA^^'-A^^' = \5^^ [a^^'^A^;'' -\A^^'A^/'-Y (2.21) 

The full action (12. ip is = 8 supersymmetric. The Killing spinor equations of 
the theory follow as usual by imposing the vanishing of the fermionic supersymmetry 
variations on a given bosonic background 

= 5,iP^ = (9^ + i<V)e^+2MABe'' + i^7^i'%e^, (2.22) 

^ 5,x^'- = ir'^^YV';e'' + gAf^e'' , (2.23) 

with the scalar tensors Ai, A2 from ( 12.14p above. In the rest of the paper we will analyze 
the consequences of these equations for supersymmetric solutions of the theory. 



3 Killing spinor bilinears 

We will study in this paper the structure of supersymmetric solutions of the N = 8 
theory defined by (12. ip . Let us assume the existence of p (commuting) Killing spinors 
^(a)' = I5 • • • 5P5 satisfying equations (I2.22p and (I2.23p . From these we can define real 
scalar and vector functions bilinear in the Killing spinors, as follows 

— £^ T/ — ^, /qi\ 
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By construction they satisfy 

T?AB _ _ rpBA T/ AB _ t/ BA fo o\ 

~ ^ 13a ; ^ fJ- afS — ^ (3a ■ \'^-'^) 

In the following, we focus on the case p = 1 and consider the real tensors built from a 
single commuting Killing spinor 

plAB] ^ -A^B ^ y^iAB) ^ ie^^^gS. (3.3) 

Furthermore, we define the SO (8) invariant real combination = V^'^^ . In the rest 
of this section we will translate the full content of the Killing spinor equations fl2.22p . 
f l2.23p into a set of algebraic and differential relations for the invariant tensors F^^ 
and Vf,^^ . 

3.1 Algebraic relations 

The cubic Fierz identities for the Killing spinor e^, together with the definitions (I3.3p 
induce the relations 

V/Ve^ = -2iF^(^e^), 
^/^e^-i^,.pl^^^Ve^ = -2iF^(^,6^). (3.4) 

Similarly, evaluating quartic Fierz identities, one obtains the identities 
V^'V^ = -2F^'^^\//^ = 2F^^F^^, 

yt^ABy^CD ^ _2FMCpD)B ^ 

FC[Ay^B]c ^ -iF^^y^, (3.5) 
bilinear in the tensors F^^ ^ V^^^ . From a sextic Fierz identity, one finally finds 

pABpBCpCD^f2pAD ^ (gg) 

with p = If^^F^^ . This implies that the antisymmetric matrix F^^ has only two 
nonvanishing eigenvalues ±i/ . Accordingly, it will often be convenient to change to an 
explicit basis for the 5*0(8) spinor indices 

A = {a,a), a = 1,2, a = 3,..., 8, (3.7) 

in which F""^ = fe""^ , F^"" = = F"^^ For no n- vanishing /, this corresponds to a 
breaking of the i?-symmetry according to 5*0(8) — )■ 5*0(2) x 5*0(6), under which the 
fundamental representations branch as 

8, ^ + 60 + 1+1 , 8„ ^ 4_i/2 + 4+1/2 , 8,^4.1/2 + 4+1/2, (3.8) 



■^We use conventions e^^ = £12 = 1. 
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with subscripts denoting 5*0(2) charges. The second and the last equation of fl3.5p 
then imply that the only nonvanishing components of V^^^ are the V^'^''. The third 
equation of (I3.5p shows that the three vectors V^^^, V^^^ = V^^, and V^^^ satisfy the 
algebra 

V'K]^^ = -ke^^pfV'' . (3.9) 
According to the second equation of (13. 5p . they are normalized as 

LL Lt LL LI 7 

2/2 = V^^^V^"^^ = -2V^^^V^^^ . (3.10) 

For non- vanishing /, these vectors thus form an orthogonal basis of the three-dimensional 
spacetime. In the explicit basis (13. 7p . all algebraic relations (13. 5p are summarized by 
(13. 9 p and (I3.10p . For later use, we use the explicit basis (13. 7p to define (again for 
non-vanishing /) the antisymmetric matrices 

^ l^,a,^i^.Tl. , ^ he'^KA^B ' (3-11) 

satisfying Vtj^^VL^ij = —S^q and Q^-^Q'^^ = —6^^ . Group-theoretically, they manifest 
the fact that under the above branching (13. 8p of the 8^, and 8c, there appears another 
invariant tensor in their respective tensor products. 

In contrast, for / = (i.e. F^^ = 0), the first two equations of (13. 5p state that all 
vectors V^"^^ are null and mutually orthogonal, i.e. they are all proportional according 
to Vfj,'^^ = A'^^V^, with a symmetric matrix A"^-^ of trace 1. The fourth equation of 
(13. 5p then imposes 

A^ = A , (3.12) 

for the matrix A, i.e. this matrix has a single non-vanishing eigenvalue. We can choose 
a basis in which the only non- vanishing component of V^"^^ is 

V,'' = = V, . (3.13) 

Accordingly we split the index A = (l,a), corresponding to a breaking of 5*0(8) to 
5*0(7), under which the fundamental representations branch as 

8,^1 + 7, 8^ ^8, 8c^8. (3.14) 
3.2 Differential equations 

In addition to the algebraic relations induced by Fierz identities, the Killing spinor 
equations impose a number of differential equations on the tensors F"^^, Vfj,^^. The 
first of the Killing spinor equations (I2.22p implies that 

D^F^^ = 2(7Af[^r/l'', (3.15) 
D,K^^ = 2^^,.AfV^)^ + 2^?.,.,Af(V^^)^ (3.16) 
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where the derivative now is the full 5*0(8) covariant derivative. From fl3.15p we 
thus obtain in the basis (13. 7p 

d,f = gA^e-'V,"^, (3.17) 

or equivalently, using (I3.10p : V^'^^ d^f = —2gf'^e'^"'A^^'^ . In particular, for vanishing g, 
i.e. in the ungauged theory, the function / is constant. From (I3.16P we obtain that 

AmK) = 0, (3.18) 

i.e. the vector is a Killing vector of the solution. Equation f l3.10p moreover shows 
that this vector is either timelike (for / 7^ 0) or null (for / = 0), in accordance with the 
expectations. In the following sections, we will treat the two cases separately. From 
(I3.17P together with (I3.10p . we find also that V^d^f = 0, i.e. the function / is also 
constant along the Killing vector field. 

Contracting the dilatino equation (I2.23P with and e^'ju, respectively, gives rise 
to two equations for the scalar current T'l/': 

= i^^^V^'^^^p;^ + (?F^^/lf^^ (3.19) 

The first equation implies in particular (upon contracting with F^^ and using (12. 8p 
and the definition (^J^) 

V^Pl^ = -ge^cMNV^^ir (VM/^ + / V^'^jK fi'"") , (3.21) 

with Q"^^ from (I3.1ip . This shows that with the particular (Coulomb type) gauge 
choice 

VQlf = = V^'Q'; , (3.22) 

of vector and 5*0(8) gauge freedom, all scalar fields are likewise constant along the 
Killing vector field 

CvS = . (3.23) 

It requires some more work and the explicit use of the duality equation fl2.17p to show 
that as a consequence of equations (I3.19p . (I3.20p also the gauge fields are constant along 
the Killing vector field. We come back to this in section 14.31 The gauge fixing f l3.22p 
furthermore suggests to split off the contribution in the vector fields and introduce 
new gauge fields Aj/ according to 

= -^V'^^M^fi^^^V; + i/^ (3.24) 

for non- vanishing /. This split will play an important role in the following. 

To summarize, we have shown in this section, that the invariant tensors F^^ and 
Vfj^'^^ satisfy the algebraic relations (13. 9 p and f l3.10p as a consequence of the Fierz 
identities of the underlying Killing spinor. Moreover, in terms of these tensors, the 
Killing spinor equations (E22]), ( 1212311 take the equivalent form f l3J[5D . (KIM . fl3A9D . 
f l3.20p . In the following we will study these equations in more detail. 
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4 Timelike case: general discussion 



In the previous section we have identified the Kilhng vector field among the tensors 
built from the Killing spinor. Moreover, we have translated all the constraints imposed 
by three-dimensional Fierz identities into the algebraic relations f l3.9p . fl3.10p . and 
the full content of the Killing spinor equations into the differential equations fl3.15p . 
f l3.16p and f l3.19p . f l3.20p . In the following, we will study these equations and their 
consequences in detail. We first discuss the case / 7^ of a timelike Killing vector 
V^V/i > . The null case is presented separately in section O 

4.1 Three-dimensional spacetime 

Define the complex vector field 

Z, ^ X, + iY, ^ 2Vi' + iiV;'-V^'), (4.1) 
with norm given by fl3.10p as 

Z^Z'' = -2V^V^ = -8f . (4.2) 

Then equations (13. 9p and (I3.10p translate into 

= i£^.p/Z^ Z[^Z,] = -2i£^,p/Vr (4.3) 

These equations summarize all the algebraic equations derived in section 13.11 They 
encode the fact that the mutually orthogonal vector fields and form a canonical 
tetrad for the three-dimensional spacetime, which we shall employ in the following. We 
can choose the three-dimensional vielbein as 

E," = jj{V„X,,Y,), E/ = ^ (r^ -X^ -F'^)^ , (4.4) 



detE/ = —ee'^'^PV^X^Y, = eV,V^ = e . (4.5) 



consistently satisfying E^°-Eb^ = 5^ and 

Let us now turn to the differential relations of section 13.21 We further denote by 

A"" = Al^ + Af , A' = 2Af + i(A}^ - Af) , (4.6) 

certain components of the scalar tensor A^^ in the basis ( 13. 7p . Then equation (I3.17p 
takes the form 

d,f = '-^(A^Z.-A^Z,), (4.7) 
whereas (13.161) induces 

V^K = ge^,p {A^V''+'^{A'Z'' + A'ZP)) , 

V,Z, = 2igfA'g,, + ge,,p{A^ZP + A'Vn-2iQ^Z,, (4.8) 
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with the 5*0(2) connection = ^Q^-^Qj/ . Thereby, we have reformulated the first 
KiUing spinor equation fl2.22p . Let us note that equation (14. 7p follows as a consequence 
of ( 14 .Sp using that the norm of the Killing vector field is given as V^Vfj, = . Choosing 
the vielbein as fl4.4p . equations f l4.8p precisely encode the spin connection u^""^ 

a;,°^ + ia;,°2 = '± [A^ V, + Z,) , 
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{2A-V, + A^Z^ + A' Z,) + 2Q, . (4.9) 

Some more computation shows that with this explicit form of the spin connection, the 
Killing spinor equation fl2.22p can be explicitly integrated to 

= /7{e,i7o 6,0,0,0, 0,0,0}, (4.10) 

where e is a constant spinor satisfying the projectioriB 

(7o-72)e = 0. (4.11) 

We have thus reconstructed the Killing spinor from the bilinear tensors. Note that it 
also satisfies F'^S^e^ = . 

4.2 The scalar current 

Equations fl3.15p and fl3.16p moreover determine the mixed components of the 5*0(8) 
connection Q^^ in the basis (13. 7p according to 



Qf = -jATV,,,e^\ (4.12) 



leaving unconstrained the others, which again manifests the breaking of 5*0(8) down 
to ^0(2) X SO (6). Explicitly, 



Qf + iQf = -j-^Af-iAf)Z,, (4.13) 



where according to (13.241) we have defined by splitting off its contribution in 
(it is a non-trivial consistency check that this contribution as induced by (14.121) pre- 
cisely coincides with the assignment of (13.221) ). Accordingly, with (13.221) the remaining 
components of Q^^ define the 5*0(2) x 5*0(6) connection 

Qab 9 t^IJt^KLt^IJKL /\ArBr \r , /\ab (a t /\\ 

M - ^128n/ -Lis ^3 V + ^M- y^-^^) 



^ For the flat gamma matrices (with tangent space indices) we use the exphcit representation 
7o = C2, 7i — — icTs, 72 = — iiTi in terms of Pauh matrices, so that 7°^^ — 7012 = — i- 
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Let us now consider the remaining part Vj/' of the scalar current. In the basis (14. ip 
of vector fields and using (13.211) we expand 'P^'' as 

= -Jf^'"'KA^f''V^^ + j[v''Z^ + WZ^) , (4.15) 

with complex components V^"^ , to be determined. Plugging (I4.15P into (I3.19P after 
some calculation (which makes use of the properties (I3.10p of the vector fields) leads 
to the compact eigenvector equation 

(^SiJ -i^iJ){vJr j^l^igBl') = 0, (4.16) 

where we have defined the following combinations 

B'^ = T^(r;^±ir^J(A^^^±iAr^), (4.17) 

of scalar components of the tensor A^'^'' in the basis (13.71) . It is straightforward to verify, 
that these B^_^ are eigenvectors of from (13. lip according to VL^^ Bj^ = ±15^'' . The 
general solution to (14.161) is thus given by setting 

where V^_^ is an arbitrary eigenvector of QJ^ with eigenvalue — i . The full solution 
(I4.15P then takes the form 

V'; = j{Vi^Z, + V'jZ,)^^{Bi^Z,-BL^Z,), (4.19) 



where V'^!' = is an eigenvector of Q^"^ with eigenvalue +i. Some further calculation 
shows that (I4.19P also identically solves equation (I3.20p . The full content of the Killing 
spinor equations (I2.22p . (I2.23P is thus contained in the form of the spin connection 
(14. 9 p and the solution (I4.15p . (14.191) for the scalar current. 

Of course the solution for the scalar current (I4.19P is consistent only if in addition 
this current satisfies the integrability conditions (I2.10p - (l2.12p . This severely constrains 
the choice of the components V^. For the gauged theories g these equations involve 
the non-abelian field strength J-'fj,u'^^ which in turn is related to the scalar current itself 
by means of the duality equations (12.171) . The resulting structure thus is rather intricate 
and will be treated in a separate publication [21]. In this paper, we will in section [5] 
explicitly work out the integrability conditions in the ungauged case g = 0. 
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4.3 Vector fields and duality 

The vector fields appearing in three-dimensional supergravity are not propagating but 
come with a Chern-Simons coupling which relates their field strength to the scalar 
fields by means of the duality equation fl2.17p 

QkUMN ^iiv^^ = (^ICCMAf ^fiup^^^ Ir'P^^'' . (4.20) 

For the supersymmetric solutions it turned out to be natural to explicitly split off the 
vector field components in the direction of the Killing vector field according to ( ]3.24p . 
Accordingly, the field strength T^J^'' is decomposed into 

T,J^' = -%(^V'=^M^fi^^K])+^,/^ (4.21) 

where P refers to the covariant derivative including only the vector field A^^^ and its 
non-abelian field strength J^^u^^. The first term on the r.h.s. can be evaluated upon 
using the relations f l4.8p , f lA.SP and the explicit form of ( I4.19P . Without going into the 
details of the derivation (which also require the structure of the quadratic constraints 
(12. 3 p on the embedding tensor and will be discussed in a separate publication), we note 
that as a final result the duality equation (I4.20p takes the form (for non-vanishing /) 

9kcmm :f,,-^-^ = e^cMNS^up (v^^J^]^^A'' - v-^-^/.^^^s},) v , (4.22) 

with from (14.60 and B'"j^ = T'^^Al'^'^ + T^^^A'^^'^. This equation shows a few remark- 
able properties. Note first, that all contributions proportional to have dropped out 
from the original equation (I4.20p . As a result, the r.h.s. of (I4.22p has no contributions 
of order which has important consequences for the ungauged theory, as we will dis- 
cuss below. Second, the r.h.s. of (I4.22p is entirely proportional to efj^i^pV. This implies 
in particular, that 

l^^-F^/"^ = 0, (4.23) 

which finally shows that also the vector fields A^'^^ are constant in the direction of the 
Killing vector field. 

While the full structure of (I4.22p will be analyzed elsewhere, let us discuss here its 
consequences for the ungauged theory. In the limit g = 0, all vector fields consistently 
decouple from the Lagrangian (12. ip . Still the ungauged theory hosts a remnant of the 
duality equation which is given by the unprojected version of equation (l4.2Up : 

F,.'^^ = SpupV^'-irP''^ (4.24) 

with abelian field strength F^y'^'--. Even though the vector fields are no longer part 
of the action, they can be defined on-shell by means of this equation. In particular, 
the Bianchi identities for the field strength F^j^'^'-' is precisely equivalent to the scalar 
field equations of motion (I2.16P at = 0: the r.h.s. of (I4.24p is the conserved 5*0(8, n) 
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Noether current of the ungauged theory. This represents the standard duahty between 
vectors and scalar fields in three dimensions. From equation (I4.22p we see that in this 
case 

F^u^" = 0, (4.25) 

i.e. the vector fields Aj^'~ are locally fiat. In other words, for supersymmetric solutions 
of the ungauged theory, using fl3.24p . the duality equation f l4.24p can be explicitly 
integrated to 

= -^^V^^MN^'^'^V,, (4.26) 

(for non- vanishing /) which allows to express the dual vectors directly in terms of the 
scalar fields. This is a remarkable property of the supersymmetric solutions; in general, 
the dual vectors are nonlocal functions of the scalar fields. The relation fl4.26p is of 
particular importance when discussing a possible higher dimensional origin of the three- 
dimensional solutions. Most compactifications to three dimensions, e.g. the heterotic 
string on a seven-torus lead to a version of the three-dimensional theory which 
features propagating scalar and vector fields. It is only upon dualizing all vectors 
into scalars, that the 50(8, n) symmetry of the theory becomes manifest and the 
action takes the compact form (12. ip . Equation (I4.26P thus gives an explicit formula 
for the original three-dimensional vectors which can then be lifted up to their higher- 
dimensional ancestors. We come back to this discussion in the conclusions. 



4.4 Killing Spinor Identities 

In this section we will apply the method of Killing spinor identities [SOj [31] to determine 
which field equations are satisfied automatically once the Killing spinor equations are 
solved. As follows immediately from supersymmetry of an action S", if the Killing 
spinor equations are satisfied, the following relations hold 

where 0b and (pi represent the bosonic and fermionic fields, respectively, of the theory. 
We denote the bosonic equations of motion of (12. ip as 

where the last derivative is taken with respect to a left invariant vector field S^*" along 
the coset manifold S'0(8,?7.)/(S'0(8) x SO{n)). Equations (I4.27P thus amount to linear 
relations among these equations. Specifically, we find with the bosonic supersymmetry 
transformations given by [TBI [T7] 

5,e/ = ie^r^P^, (4.29) 



X A KC _ _lyK:C -^A-pIJ iB -yKC -^Ayl ^^Ar 
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that equations f l4.27p imply the relations 



2£%e^7- + i^^;c/:V^^,^e^r^-'^ = 0, 
^..e^r^^ + i^^^crV^ViiA^^^M = 0, (4.30) 

among the bosonic equations of motion. After contracting these relations with all 
possible combinations of and 'j„e^ and using the algebraic relations (13. 9p . (I3.10p . 
one finds that for the timelike case (i.e. / 7^ 0) they imply the following relations 

2f£''KcV'^^j, = nuS'^V^. (4.31) 

In particular, we see that most of the Einstein equations £^^a e'^-'" are indeed satisfied as 
a consequence of the Killing spinor equations, except for their component in direction 
V^V^ which is proportional to V^£^x,c^^'~'ij^^'^ ■ Similarly, the scalar field equation is 
satisfied only up to a term proportional to V^E^^cc^^'-'^^. In order to ensure that a given 
solution of the Killing spinor equations solves all equations of motion, we thus have to 
impose separately the component of the duality equation fl2.17p . Specifically, this 
amounts to imposing equation (I4.22p that we have encountered in the previous section. 
For the ungauged theory, this equation is absent, i.e. for / 7^ the full set of equations 
of motion is satisfied as a consequence of the Killing spinor equations. Note however, 
that the derivation of f l4.27p has made implicit use of the integrability relations (l2.1Up - 
(I2.12P of the scalar current, i.e. in all cases also these integrability relations will have to 
be imposed on the solution in order to ensure that it satisfies all equations of motion. 



5 Timelike case: the ungauged theory 

From now on, we concentrate on the case of the ungauged theory (i.e. set (7 = 0), 
leaving the analysis of the gauged theories for a separate publication [29]. For (7 = 0, 
the structure of the spin connection (14. 9 p simplifies drastically and it has only a single 
non-vanishing component 

UJ^^^ = 2Q^. (5.1) 

The only non-vanishing component of its curvature thus is R^p^"^ = 2Q^j,y, such that 
the Ricci tensor and Ricci scalar of the three-dimensional spacetime are given by 

R>.u = -^RZ^^Z,), R=^e,,pQ^''Vf . (5.2) 



Let us note that this equation gives rise to the interesting factorization structure 

1 
8/ 



R/iu + 2i Q fj^u — —-^-p^RZfj^Z^. (5.3) 
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The general solution for the scalar current f l4.19p in this case takes the short form 

P'; = 7 {Pi'-Z. + PlrZ,) , (5.4) 



where as before the components P^^ = PL^ are arbitrary eigenvectors of VL^^ from 
(I3.1ip corresponding to eigenvalues ±i, respectively. 



5.1 Special coordinates 

Since represents a timelike Killing vector field of the solution, we can choose co- 
ordinates such that V^d^ = d/dt and no matter field or metric component depends 
on the time variable t. For the spatial part of the three-dimensional spacetime, we 
use coordinates x*, ? = 1,2. Normalization then implies that = (4/^,pi,p2) with 
functions pi. According to (14. 7p . / is a constant and for simplification in the following 
we rescale t such that f = \- 

From (14. 8 p we find that d[^Vy] = 0, hence pi = dip for a function p which can be 
absorbed by redefinition (translation) of t. Moreover, the remaining 2x2 block in the 
vielbein (14.40 can be brought into conformal gauge. Thus in these special coordinates 
the three-dimensional vielbein reduces to 




= e'^ , (5.5) 



with the conformal factor a . Its spin connection is given by w^^^ = (0, —d2cr, dicr) . 
Accordingly, we find for the Ricci tensor 

R^^ = i?22 = -aa =^ R = 2e-^''aa , (5.6) 

with the two-dimensional flat Laplacian □ = d'^di . From (15.11) the 5*0(2) connection 
is given by = ^ou^^"^ , with curvature Qij = ^eijOa . This shows that if the three- 
dimensional spacetime is not flat, the S0{2) connection is necessarily non- vanishing. 
In complex coordinates z = + ix^ and with (15. 4p . the full scalar current takes the 
form 

Qz = ~d,a, = 2e''P!! . (5.7) 

Projecting for this current the integrability relation (12. lip onto its 5*0(2) part gives 
rise to the equation 

d,d,a = -2e^''Pl'PL' . (5.8) 

Putting this together with (15. 6p shows that R = P^P^ in precise agreement with the 
Einstein equations (I2.15p . as expected from the general analysis of section l44l 
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In order to completely determine the solution it remains to solve the remaining part 
of the integrability equations (I2.10p - fl2.12p . Notably, the first one takes the remarkably 
simple form 

D,-(e"Pi") = 0. (5.9) 

This is due to the fact that P^'' and PlJ' are eigenvectors corresponding to different 
eigenvalues of Q^"^ such that in this coordinate basis the two terms of fl2.10p must vanish 
separately. Note however, that the derivative in (15. 9 p is covariant in that it carries the 
full composite connections Qj/ and Q'^^''. In general, it is thus not sufficient to choose 
^apir holomorphic function of z. The remaining two integrability equations 

dm}, fl^D take the form 

Qii = Se^'^Pl^'p'}' , QZ = Se'^Pi^'Pl^' . (5.10) 

It is straightforward to verify that any solution to (15. 9 p also satisfies the scalar equations 
of motion (I2.16P in accordance with the general relations derived in section 14. 4[ 

We have thus reduced the construction of supersymmetric solutions to finding com- 
mon solutions to the two-dimensional equations (I5.8p -( !5TT0|) . In the following, we will 
exploit the covariantly holomorphic structure of (15. 9p to study some explicit examples. 



5.2 Explicit solutions 

In this section, we will illustrate the structure of the covariantly holomorphic equation 
(15. 9p by constructing in detail a few explicit solutions and showing that indeed they 
satisfy the full set of equations of motion. Let us denote by P^* the four (normalized 
and orthogonal) eigenvectors of Q^'^ from (13. lip with eigenvalues +i, such that 

(P+pV)" = l{6-iny-^. (5.11) 

Expanding Pj^ in terms of these eigenvectors we write 

pir ^ p«s'^ (5.12) 

with coefficients S*^. We furthermore define the hermitean matrix H^'^ = (S'''Z1 )''** and 
the antisymmetric hermitean matrices 

M^-^ = \{Pl'' Pi"" - Pi'' p!!) = i3(p+ss'^p^)^-^ , 

AT" = \{Pl'Pl' - Pl'P[') = i{^Hy' = //["^l . (5.13) 

It is easy to check that [fi, M] = , i.e. M e so(2) x so(6) , and fi"M^"^ = -iTr if, 
which implies that M^-^ = M^-^ + ^^l^'^Tr H e so(6). Note that for n = 4, the matrix 
M^"^ vanishes. Some further calculation yields 

^iJpJr ^ iH^'Pl' , M^^Pl' = \{W -\5''i:iH) Pi' . (5.14) 
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Integrability f lS.lOp (projected onto its 50(2) part) together with (15.81) yields the dif- 
ferential equation: 

idA^y = d,Q,-d,Q, = -2ie2^Tr/7, (5.15) 

which precisely coincides with the Einstein equation (I2.15p . 

In the following we will study an explicit ansatz for the scalar current. We choose 
the coefficients in fl5.12p such that 

Pl^ = F^_!W''C{z,z) , (5.16) 

with a yet unconstrained complex function ({z, z) and a constant matrix W, satisfying 
{lA^Uy^ = 6^^^. This requires the number of matter multiplets to satisfy n < 4 and 
implies if^'^ = . For the 5*0(2) x 50(6) connection Qj/ , we make the ansatz 

Qi' = -'-d.an'' -JiJ;T)M'\ (5.17) 

in accordance with (15. 7p . and set Q^^ = 0. Then the second equation of (I5.10p is 
trivially satisfied, whereas the first equation in addition to f l5.15p gives the nontrivial 
differential equation 

mi9m]-^e"^\C\'}M'' = 0. (5.18) 

Finally, it remains to impose the integrability equation (15. 9 p which yields 

d^lnC + ld^a+l{n-A)g\C\^ = 0, (5.19) 

which (for n ^ A) can be solved for g. Plugging this solution back into (I5.18P and using 
(I5.15P yields a differential equation for that has the general solution 

ICP = e-2("+iW"|x(^)P, (5.20) 

with an arbitrary holomorphic function x{^)- Without loss of generality, we can choose 
to set 

C = e-("+i)'^/"x(^), (5.21) 

the undetermined phase of ( precisely corresponds to an 50(6) gauge transformation. 
For n = 4, equation f l5.19p directly induces f l5.2ip . Putting everything together, we 
find for the scalar current 

= + -^M'A d,a , = 2F'!U''-e-''/^x{z) , (5.22) 

1.4 ^ICI ^ 

while a should satisfy the Liouville equation 

d,d,a = -2ne-2./n|^(^)|2^ (5^23) 
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that descends from flS.lSp . Its general solution can be given in terms of an arbitrary 
holomorphic function $(2;) 

(5.24) 



V2\x\ 


(1- 








|<l>'| 





Defining = '${z)^'{z), the scalar current and the metric are thus given by 

- 1_|$|2 ' 

ds^ = dt^ -lQ(\'if\{l-\<^\^)] dzdz , (5.25) 

where 1 < n < 4, which summarizes our supersymmetric solution of the N = 8 theory. 
Its curvature is given by 

R = -2='-"n|^r«i$f (5.26) 

We can give the solution in more explicit form by explicitly integrating up the scalar 
current to the scalar matrix S. For simplicity, we restrict to the case n = 4 while 
for arbitrary n this can be done in precise analogy. For n = 4 the 5*0(6) connection 
vanishes, and the full scalar current is given by 

J, = S-'d,S = --Q'^X'^d,a+ ^ , „ P''^y'% (5.27) 

8 1 - |$P " 

where we have furthermore chosen = 6^"^ . The generators appearing in fl5.27p take 
the form of tensor products 




(5.28) 

such that 5*0(8,4) splits into four copies of 50(2, 1). Some calculation shows that the 
current Jz takes the matrix form 

J, = 3z + H-^dzH + H-^JzH , (5.29) 
with = expj ^ log(*'/^) fi^-^X^-^l , 

and = - 




1- |<l>|2 

In particular, this current depends on "^{z) only via an 5*0(2) gauge transformation. 
Equation fl5.29p can then be explicitly integrated up to yield the matrix form of S 

/ 1 + i($2 + $2) 2 3fJ$55$ -2m 

^^'^ = _ 1^12 2m^<^ i-i($2 + $2) _2cj$ 1^/4.(5.30) 

' ' V -2m -2 $5$ 1 + |<I>| 
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This form of the scalar fields together with the metric (15.251) summarizes the supersym- 
metric solution in terms of two unconstrained holomorphic functions $(2) and "^{z). 
One of them could be absorbed by a conformal redefinition of the two-dimensional 
coordinates. 

Finally, for this solution we may evaluate the explicit form of the dual vector 
fields (14.26P which leads to 

At'' = -S\,S'Nn^'^ = ^^^($p^;-$Pi'-) , (5.31) 

up to a possible flat contribution. As discussed above, when lifting this solution to 
a higher- dimensional theory, e.g. the heterotic string on a seven-torus, a number of 
ten-dimensional fields will be triggered by these three-dimensional vectors. For ex- 
ample, the Kaluza-Klein vector of the ten-dimensional metric descends to the three- 
dimensional vector field components A^^^, choosing r = 1 in the second line of (I5.3ip . 
in accordance with the breaking of 50(8,71,) to S0{7,n — 1) manifest after reduction. 
The components (I5.3ip thus become part of the ten-dimensional metric. 

This concludes our discussion of explicit examples. With a more sophisticated 
ansatz for the scalar current replacing (15.161) and (15.170 . the construction may be 
generalized to produce more complicated solutions of the Killing spinor equations. 



6 The null case 

In this last section we consider the case / = 0, when F^^ = and the Killing vector 
is a null vector. From the differential relations (I3.15p . (I3.16P we obtain in this case 

Qf = = Al\ D^V, = 2ge,,pAlW . (6.1) 

Choosing coordinates such that the Killing vector field is given by V^d^j, = the 
metric can then be cast into the general form 

ds"^ = Fdu^ - H^dx^ + 2Gdu dv , (6.2) 

with functions F, if, and G which depend on the coordinates x and u only. Upon 
computing its Christoffel symbols, the second equation of (16. ip translates into 

d^G = AgAl^HG , (6.3) 

which relates the functions G and H. In particular, for g = 0, we may choose coordi- 
nates such that G = 1 . Further fixing of coordinates then allows to also put H = 1. 

In the following, we specify to the ungauged theory. The dilatino equation (l3.2Up 
shows that in this case 

P^' = P'^V,, (6.4) 
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with yet unspecified components P^''. Thus in particular P^^P^^^ = and the inte- 
grabihty equations (12. lip . f l2.12p show that Q^^ and Qj^'^ are flat connections. The 
remaining integrability condition D^^P^^ = d^^P^J^ = thus states that P^^ in (16. 4p is 
a function of u only, i.e. 



P^^ = P'^{u)V,. (6.5) 

With (16. 5p we have solved all the algebraic and differential relations that follow from 
the Killing spinor equations, as well as the scalar integrability conditions. In the null 
case however, this is not sufficient to imply the full set of equations of motion, as 
may be confirmed directly from (I4.30p : the V^V^ component of the Einstein equations 
remains to be imposed separately. With (16. 5p . the Einstein equations (I2.15P take the 
form 

R,, = P^^Pl\ (6.6) 

which in particular implies that the Ricci scalar vanishes R = p^'^pt^^'" = Q. Using the 
explicit metric (16. 2 p with G = H = 1, the Einstein equations yield 

d^R = 2P^'P^\ (6.7) 

thus R{u,x) = x'^P^^{u)P^^{u) + xR{u) + T{u), with arbitrary functions R{u), T{u). 
The latter may be absorbed by a further redefinition of coordinates. 

Summarizing, for g = we find as the most general supersymmetric null solution 
the pp-wave 

= P'^{u)V,, 

ds^ = {x^P^'\u)P^''{u) + X R{u)) du^ - dx^ + 2du dv . (6.8) 

The scalar current can be integrated up to a scalar matrix S{u) depending on u only. 
In turn, any such matrix gives rise to a current of the form (16.81) . As in the timelike 
case, we may dualize some of the scalar fields back into vectors by means of (14.241) . In 
the null case and with the above metric, this equation takes the explicit form 

R^u^^ = 2S^^k{u)S^K{u)P^^{u), (6.9) 

and can be integrated in u to obtain the gauge field with a single non-vanishing com- 
ponent A^^^{u) . 

Finally, we can explicitly solve the Killing spinor equations (I2.22p . to reconstruct 
the Killing spinor 

e = {x^P''^{u)P''{u) + xR{u)Y^U, (6.10) 
where e is a constant spinor satisfying 7" e = . 
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7 Conclusions 



In this paper we have taken the first steps to constructing and classifying the super- 
symmetric solutions of half-maximal matter-coupled three-dimensional supergravity. 
We have translated the Killing spinor equations into a set of algebraic and differen- 
tial relations among the bilinear tensors built from the Killing spinor. This allows to 
express the spacetime metric and the scalar current in terms of these tensors. For 
the ungauged theory, we have reduced the integrability conditions for the current to 
the covariant holomorphicity condition fl5.9p and constructed particular solutions by 
choosing appropriate ansaetze. For the case of a null Killing vector we have given in 
section 6 the most general solution of the ungauged theory. 

An interesting aspect for the solutions found in this model is their possible higher- 
dimensional origin. For this it is important to recall that the dimensional reduction 
to three dimensions generically leads to a theory with scalar and vector fields of which 
the latter have to be dualized into scalars in order to bring the action into the form 
(12. ip . For example, reduction of the heterotic string on a seven-torus leads to a theory 
with global symmetry 5*0(7,23) and vector fields transforming in the vector repre- 
sentation. Only after dualizing the 30 vector fields into scalars by means of (I4.24p 
the full symmetry 5*0(8,24) is manifest, and the scalars parametrize the coset space 
^0(8,24)/(SO(8) X ^0(24)). In particular, before dualization only an ^0(7) sub- 
group of the full 5*0(8) i?-symmetry group is manifest under which the fundamental 
representations branch as 

8s^8, 8^^7+1, 8e^8. (7.1) 

In order to lift the above constructed solutions back to higher dimensions, first a 
number of scalars will have to be dualized back into the corresponding vector fields. 
For this, we have derived the explicit formula f l4.26p for the vector fields (or (16. 9p 
in the null case). On the other hand, we have seen in the above construction, that 
the supersymmetric solutions of (12. ip are organized by particular subgroups of the R- 
symmetry group, namely 50(2) x 50(6) and 50(7) for the solutions with timelike 
and null Killing vector, respectively. These will be broken upon singling out particular 
scalars according to (17. ip . Comparing the branchings (13. 8p and (I3.14p to (17. ip allows 
to identify the common subgroups and shows that the dualization of 30 scalars back 
into the original vector fields, leaves an underlying manifest U{3) and G2 symmetry for 
the solutions with timelike and null Killing vector, respectively. This group structure 
will have to be studied in more detail in order to systematically address the higher- 
dimensional origin in this context. 

What we have presented in this paper is the first systematic approach using the bi- 
linear tensor analysis to the construction of supersymmetric solutions in three-dimensio- 
nal supergravities. It naturally suggests a number of further research directions and 
generalizations. First of all, while in this paper we have restricted the explicit con- 
struction of solutions to the ungauged theory, we have shown that large parts of the 
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structure also find their analogue in the full gauged theory. A more detailed analysis 
of the gauged theory, in which the non-abelian duality between vector and scalar fields 
plays a key role will be presented elsewhere [29] . 

The three-dimensional case provides an instructive scenario for the interplay of the 
coset space geometry of the scalar target space with the structure of the Killing spinor 
equations. These structures appear in a more compact form than in higher- dimensional 
theories, due to the fact that in three dimensions all dynamical degrees of freedom are 
accommodated in the scalar sector and higher rank p-forms are absent. Yet, a thorough 
understanding of the three-dimensional case and in particular of the gauged theory 
will be of importance for the study of the half-maximal supergravity theories in higher 
dimensions coupled to n vector multiplets whose scalar fields form similar coset spaces. 
So far, the systematic study of supersymmetric solutions in matter coupled theories 
has essentially been restricted to the ungauged quarter-maximal theories, where in four 
dimensions the scalar target spaces are described by special Kahler and quaternionic 
Kahler geometries, see [3 El HI [10]. The gaugings of the half-maximal theories [32] on 
the other hand are organized by symmetry groups similar to the ones studied here, 
such that the solutions of the Killing spinor equations will exhibit similar structures 
in their scalar sectors, see D = A for some initial discussion. An ultimate goal 
would be the extension of the present analysis to the maximal (gauged and ungauged) 
supergravities in the various dimensions, whose scalar target space geometries are given 
by exceptional coset space sigma models. 

Let us finally note that upon taking a proper fiat-space limit [M| [35] , three- 
dimensional = 8 supergravity reduces to the distinct superconformal BLG model 
of [3S1EZ]- It would be interesting to study if techniques similar to the ones presented 
here can be applied to classify the BPS solutions of the BLG theory, in particular, this 
should relate to the structures found in |38l 139). 
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Appendix 



A 5*0(8, n) algebra 
A.l Commutators 

The non-compact algebra so(8,ra) = Lie 50(8, n) can be described in closed form in 
terms of generators X-^-^ = — X-^-^ with commutators 

^X^M^X"^"] = 2r^^['Cx^l•^-2r/^['=X^]*^ (A.l) 

with the S'0(8, n) invariant diagonal metric rjMN = diag(l, 1, . . . , 1, —1, —1, . . . , —1). 

8x nx 

Upon splitting the index Ai — )■ {I,r), such that t]^"^ = 6^'^,ri^'^ = —6^^, the algebra 
takes the form 

where for comparison to standard conventions we have furthermore redefined the gen- 
erators X^^ — )■ —X''*. Here, X^'' and X^^ denote the compact generators of 5*0(8) and 
SO{n) respectively, the 8n noncompact generators are denoted by Y^^. 



[X'\X 
[XP", X' 



Js-i 



A.2 Coset space 50(8, n) / (50(8) x SO{n)) 

The scalar fields describing the 50(8, n)/ (50(8) x 50(n)) coset space sigma model 
are parametrized by a group element S G 50(8, n) evaluated in the fundamental 
representation, i.e. by an (8 + n) x (8 + n) matrix satisfying 

SriS^ = 7]. (A.3) 

The coset structure is expressed by the invariance of the theory under local trans- 
formations (12. 9p . In the ungauged theory, the scalar current = S^^d^^S may be 
decomposed as 

J, = iQ^jx'' + \qi^x^^ + p';y'\ (a.4) 

in terms of the generators flA.2p and the Lagrangian of the ungauged theory is given 
by the 50(8) x SO{n) invariant combination ^P^'^P^^^'^. The integrability equations 
29[^Ji/] + [J^, Ju] = induced by the definition (1A.4I) translate into 

= 0, (A.5) 
Qli ^ 2d[,Qi{ + 2gjf Qj^ = - 2P;;P;!{ , (A.6) 

q;i ^ 2d[,Q^ + 2g[;Qt] = - spfp/f . (a.7) 
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In the gauged theory, all derivatives are covariant w.r.t. a non-abelian gauge group 
according to fl2.6p and these relations acquire additional contributions proportional to 
the non-abelian field strength, as given in the main text in ( I2.10p -f l2.12p . Let us further 
note that f lA.4p may be rewritten as 

D.S^i = S^rP';. D.S'^r = S^iPl\ (A.8) 
with representing the 5*0(8) x SO{n) covariant derivative. 

A. 3 50(8) F-matrix identities 

Here, we list a number of identities for the 5*0(8) F- matrices, which have proven useful 
in the calculations of the main text 

AB^ CD — -'-"'^AB ! 

^IjD^EF^^AB^ = —128 {5c[E^F]{A^B)D — ^ D[E^ F]{A^ B)c) + ^'^ ^ AB^ C[E^ F]D , 

J^IJ -pKL-pIJKL _ -pIJ -pKL -pIJKL 
^ AB^ CD^ AB ~ ^ [AB^ CD]^ AB ' 



^AB^AB - AA^ BB ~ ^ BA^ AB> ~ ^"ab^ AB , 

riir^^/ = 2rfir^^ + i65c[^r J,^ . (a.9) 
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